Abstract. In this paper, we first establish an L 2 -type Dolbeault isomorphism for logarithmic differential forms by Hörmander's L 2 -estimates. By using this isomorphism and the construction of smooth Hermitian metrics, we obtain a number of new vanishing theorems for sheaves of logarithmic differential forms on compact Kähler manifolds with simple normal crossing divisors, which generalize several classical vanishing theorems, including Norimatsu's vanishing theorem, Gibrau's vanishing theorem, Le Potier's vanishing theorem and a version of the KawamataViehweg vanishing theorem.
Introduction
The basic properties of the sheaf of logarithmic differential forms and of the sheaves with logarithmic integrable connections on smooth projective manifolds were developed by Deligne in [5] . Esnault and Viehweg investigated in [8] the relations between logarithmic de Rham complexes and vanishing theorems on complex algebraic manifolds, and showed that many vanishing theorems follow from the degeneration of certain Hodge to de Rham type spectral sequences. For a comprehensive description of the topic, we refer the reader to Esnault and Viehweg's work [9] and also the references therein.
In this paper, we develop an effective analytic method to prove vanishing theorems for the sheaves of logarithmic differential forms on compact Kähler manifolds. One of our motivations to develop this method is to prove Fujino's conjecture (e.g. It is well-known that various vanishing theorems are very important in complex analytic geometry and algebraic geometry. For instance, the Akizuki-Kodaira-Nakano vanishing theorem asserts that if L is a positive line bundle over a compact Kähler manifold X, then
The main purpose of this paper is to investigate logarithmic type Akizuki-KodairaNakano vanishing theorems for the pair (X, D). The first main result of our paper is As we pointed out before, the key ingredient is the construction of suitable Hermitian metrics. In the analytical setting, the positivity of R-line bundle, which will be defined in Section 2.4, is defined by using positivity of curvature which is very flexible to use, since we can multiply arbitrary real coefficients on the curvature of a line bundle to obtain certain desired curvature property. In particular, the theory of R-divisors (or R-line bundles) in algebraic geometry is not used in this paper, which is also a notable advantage in our analytic approach. On the other hand, the setting in Theorem 1.1 is quite general and it has many straightforward applications in complex analytic geometry and complex algebraic geometry. The first application is the following log type Gibrau's vanishing theorem.
Corollary 1.2. Let X be a compact Kähler manifold of dimension n and D be a simple normal crossing divisor in X. If L is a nef line bundle and N is a k-positive line bundle over X, then
In particular, we have Corollary 1.3. Let X be a compact Kähler manifold of dimension n and D be a simple normal crossing divisor. Suppose that L → X is an ample line bundle, then
This well-known result is proved by Norimatsu ([29] ) using analytic methods (see also Deligne-Illusie's proof in [6] by the characteristic p methods). As an analogue to Corollary 1.3, we obtain the following log type Le Potier vanishing theorem for ample vector bundles.
Corollary 1.4. Let X be a compact Kähler manifold of dimension n and D be a simple normal crossing divisor. Suppose that E → X is an ample vector bundle of rank r. Then
As we know that the Kawamata-Viehweg type vanishing theorems have played fundamental roles in algebraic geometry and complex analytic geometry (e.g. [8, 7, 3, 17, 15] ). As another application of Theorem 1.1, we get a log type vanishing theorem for k-positive line bundles over compact Kähler manifolds, which generalizes a version of the Kawamata-Viehweg vanishing theorem over projective manifolds. 
Remark. In particular, if mF = L + D ′ where L is an ample line bundle and D ′ is an effective divisor, bypassing Hironaka's desingularization procedure, one obtains the classical Kawamata-Viehweg vanishing from 1.1 by taking p = n and k = 0. It is also worth mentioning that, in [19, Theorem 6 .1], Luo obtained a version of logarithmic vanishing theorem under the k-ample condition over a smooth projective variety and his proof relies on the hyperplane induction methods on projective manifold (e.g. the existence of very ample divisors). It is apparently different from our unified analytic approaches over Kähler manifolds. On the other hand, it is also pointed out in [30, p. 127 ] that, the k-ampleness is irrelevant to the k-positivity when 1 ≤ k ≤ dim X. 
In particular, when [D ′ ] is ample,
Remark. By using Serre duality, one obtains a special case of (1.2) 
for p + q > n + k and p + q < n − k. 
Note that Corollary 1.8 generalizes [11, Corollary 3.
Remark. In a sequel to this paper, we will systematically investigate a number of vanishing theorems in algebraic geometry by using analytic methods introduced in this paper. For instance, we have obtained a version of Theorem 1.1 for k-ample line bundles on algebraic manifolds.
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Preliminaries
2.1. Positivity of vector bundles. Let E be a holomorphic vector bundle of rank r over a complex manifold M and h be a smooth Hermitian metric on E. There exists a unique connection ∇, called the Chern connection of (E, h), which is compatible with the metric h and complex structure on E. Let {z i } n i=1 be the local holomorphic coordinates on M and {e α } r α=1 be the local holomorphic frames of E. Locally, the curvature tensor of (E, h) takes the form
where R γ ijα = h γβ R ijαβ and (2.1)
Here and henceforth we adopt the Einstein convention for summation.
Definition 2.1. An Hermitian vector bundle (E, h) is said to be Griffiths-positive, if for any nonzero vectors
(E, h) is said to be Nakano-positive, if for any nonzero vector
(E, h) is said to be dual-Nakano-positive, if for any nonzero vector
Definition 2.2 (cf. [30] ). Let M be a compact complex manifold and L → M be a holomorphic line bundle over M .
log h L is semipositive everywhere and has at least n − k positive eigenvalues at every
globally generated for some m > 0, and the maximum dimension of the fiber of the evaluation map
Hence, the concepts of 0-positivity, 0-ampleness and ampleness are the same. However, it is pointed out in [30, p. 127 ] that, k-ampleness is irrelevant to the metric k-positivity when k ≥ 1. 
We will consider the complement Y = X − D of a simple normal crossing divisor D in a compact Kähler manifold X. It is well-known that we can choose a local coordinate chart (W ; z 1 , ..., z n ) of X such that the locus of D is given by
is the (resp. punctured) open disk of radius r in the complex plane and r ∈ (0, Definition 2.3. We say that the metric ω Y on Y is of Poincaré type along D, if for each local coordinate chart (W ;
is equivalent to the usual Poincaré type metric ω P defined by
Two nonnegative functions or Hermitian metrics f and g defined on W * 
In this case we shall use the notation f ∼ g.
As a fundamental result along this line, it is well-known that, see [32, Section 3] , there always exists a Kähler metric ω Y on Y = X − D which is of Poincaré type along D. Furthermore, this metric is complete and of finite volume. Moreover, it has bounded geometry which implies that its curvature tensor and covariant derivatives are bounded. We will use these properties frequently in this paper. The following model example is used in analyzing the integrability of holomorphic sections with respect to the Poincaré type metrics. 
Suppose that ω Y is a smooth Kähler metric on Y and h E Y is a smooth Hermitian metric on
over U consists of E-valued (p, q)-forms u with measurable coefficients such that the L 2 norms of both u and ∂u are integrable on any compact subset V of U . Here the integrability means that both |u| 2
It is well-known that the spaces of global sections of Ω Recall that a sheaf S over X is called a fine sheaf if for any finite open covering U = {U j }, there is a family of homomorphisms {h j }, h j : S → S , such that the support of h j satisfying that Supp(h j ) ⊂ U j and j h j = identity (cf. [22, Definition 3.13] ). For any fine sheaf S , one has H q (X, S ) = 0 for q ≥ 1 (cf. [22, Theorem 3.9 
]).
We have already known that if the Kähler metric ω Y on Y is of Poincaré type along D, then the Kähler metric ω Y will be complete and with finite volume (cf. [32] ). In this case if u is an E-valued (p, q)-form such that u and ∂u are L 2 local integrable on U and if f is a smooth function on X, then it is obvious that both f u and ∂(f u) will still be L 2 local integrable on U . Thus the sheaf Ω p,q (2) (X, E) admits a partition of unity and we conclude that Ω p,q (2) (X, E) is a fine sheaf over X, so we have
(2) (X, E)) = 0, for p, q ≥ 0 and i ≥ 1.
R-divisors and R-linear equivalence.
For readers' convenience, we explain the notions in Theorem 1.1. Let X be a compact Kähler manifold.
(1). T is called an R-divisor, if it is an element of Div R (X) := Div(X) ⊗ Z R, where Div(X) is the set of divisors in X. Two divisors T 1 , T 2 in Div R (X) are said to be linearly equivalent, denoted by T 1 ∼ R T 2 , if their difference T 1 − T 2 can be written as a finite sum of principal divisors with real coefficients, i.e.
where r i ∈ R and (f i ) is the principal divisor associated to a meromorphic function
for the k-positive line bundle L, then by ∂∂-lemma on compact Kähler manifolds, we can find smooth metrics on L i such that the induced metric on L is also k-positive. The definitions for Q-line bundles and Q-divisors are similar. Remark 2.6. As we shall see in the proofs of Theorem 1.1 and its applications, the Hermitian metrics on R-line bundles and R-divisors play the key role in the analytic approaches.
An L 2 -type Dolbeault isomorphism
In this section we will establish an L 2 -type Dolbeault isomorphism by using Hörmander's L 2 -estimates. 
, that is, we have an exact sequence of sheaves over X
is a fine sheaf for any 0 ≤ p, q ≤ n. In particular,
Proof. Let h L be an arbitrary smooth Hermitian metric on L over X. Let σ i be the defining section of D i . Fix smooth Hermitian metrics
. For arbitrarily fixed constants τ i ∈ (0, 1], we construct a smooth Hermitian metric
where α is a large positive constant (even integer) to be determined later. It is well known that Ω
(X, L, ω P , h L Y ) are fine sheaves over X since ω P on Y = X − D is of Poincaré type along D, so we only need to check the exactness of (3.1).
First let us consider the exactness of (3.1) at q = 0. Let (W ; z 1 , ..., z n ) be a local coordinate chart of X along D. Let e be a trivialization section of L on W such that
Let σ be a holomorphic section of Ω p,0
Then we can write is equivalent to the following Hermitian metric
If we denote {i 1 , ..., i p } ∩ {1, ..., t} = {i p1 , ..., i pb }, then
Suppose that the Laurent series representation of σ I (z) on W * 1/2 is given by
where σ Iβ (z t+1 , ..., z n ) is a holomorphic function on ∆ n−t 1/2 . Then by using polar coordinates and Fubini's theorem (e.g. Example 2.4), we see that σ is L 2 integrable on W * r if and only if β j > −τ j along D j . Since τ j ∈ (0, 1], we see β j ≥ 0 and σ I (z) has removable singularity. Hence σ and ∇σ have only logarithmic pole, and σ is a section of Ω p (log D) ⊗ O(L) on W . Conversely, if we choose σ to be a holomorphic section of Ω p (log D) ⊗ O(L) on W , it is easy to check by formula (3.5) that σ is L 2 integrable on W * r for any 0 < r < 1 2 . Therefore we have proved that (3.1) is exact at Ω p,0 (2) (X, L) for any α > 0. Now we consider the exactness of (3.1) at q ≥ 1. For any fixed r ∈ (0, 1/2), we deform the Kähler metric ω P to be a new Kähler metric ω P on W * r , given by (3.6)
Then it is easy to check that ω P is a complete Kähler metric on W * r . We define a new Hermitian metric h L α for L on W * r as
Proof. It is easy to show that
if we choose α large enough so that
Lemma 3.3. On the chart W * r , the vector bundle
Y ⊗ L| Y with the induced metric h V by ω P and h L α is Nakano positive when α is large enough. Moreover, for any u ∈ Γ(W * r 2 , Λ n,q T * Y ⊗ V ) we have
where C is a positive constant independent of u.
Proof. Note that the metric ω P on the holomorphic tangent bundle T Y is of the splitting form, i.e.
(3.11)
and that the metric ω i (z i ) depends only on the variable z i . Hence, by using curvature formula (2.1), in local computations, we can treat (T Y, ω P ) as a direct sum of line bundles ⊕ n i=1 (F i , ω i ). It is easy to check that the curvature of (
for some positive constant C independent of α. Hence, in local computations, the curvature of
. Therefore, by using the curvature estimate (3.8), when α > (n − p + 1)C, the curvature of each summand L ⊗ F
is strictly positive. That means V is Nakano positive. The inequality (3.10) follows from a straightforward calculation.
Lemma 3.4. The sequence of (3.1) is exact at q ≥ 1. That is, on a small local chart W *
such that f is L 2 -integrable with respect to (ω P , h L α ) and ∂f = η.
Proof. For simplicity, we write 
, and f is L 2 -integrable with respect to ( ω P , h L α ). By restricting to W = W * r 2 , we have that f is also L 2 -integrable over W with respect to (ω P , h L α ). Given the exact sequence in (3.1), the isomorphisms in (3.2) are clear. The proof of Theorem 3.1 is completed.
Remark 3.5.
(1) The isomorphism (3.2) holds up to equivalence of metrics. More precisely, if
(2) From the proof of Theorem 3.1, it is easy to see that the isomorphism in Theorem 3.1 also works for vector bundles.
Logarithmic vanishing theorems
In this section, we prove Theorem 1.1 and several applications described in the first section. 
) is a k-positive R-line bundle. Then for any nef line bundle L, we have
Proof. Let ω 0 be a fixed Kähler metric on X. 
is semipositive and has at least n − k positive eigenvalues at each point of X.
We set δ = c 0 32n 2 . Without loss of generality, we assume δ ∈ (0, 1). Since L is nef,
, then the curvature form of (∆, h ∆ ) is
For simplicity, we set
The induced metric on F is defined by
Here the constant α > 0 is chosen to be large enough and the constants τ i , ǫ ∈ (0, 1] are to be determined later. Note that the smooth metric
is the same as h N up to a globally defined function over X. A straightforward computation shows that
(4.5)
Since a i ∈ [0, 1], for a fixed large α, we can choose τ 1 , · · · , τ s ∈ (0, 1] and ǫ such that τ i − a i , ǫ are small enough and
Note that the constants τ i and ǫ are thus fixed, and the choice of ǫ depends on α. We set
It is easy to check that ω Y is a Poincaré type Kähler metric on Y . By (4.1), (4.2), (4.5) and (4.6), one has on
This implies that
By exactly the same argument as in the proof of Theorem 3.1 (see also Remark 3.5), when α is large enough, we obtain (4.10)
Next, we prove the vanishing of the L 2 cohomology groups by using Lemma 2.5. On a local chart of Y , we may assume that
where η
, and so the eigenvalues of √ −1Θ F , h F α,ǫ,τ with respect to ω Y are
. On the other hand, by (4.8) one has
Hence for any j ≥ k + 1, we have
It also implies that for j ≥ k + 1,
Thus, Theorem 4.1 follows from (4.10) and Lemma 2.5.
Applications
In this section, we present several straightforward applications of Theorem 1.1 over compact Kähler manifolds, which are also closely related to a number of classical vanishing theorems in algebraic geometry. 
We have that
which is a k-positive R-line bundle. Hence we can apply Theorem 4.1 to complete the proof. for p + q > n + k and p + q < n − k.
Proof. Let b ′ be a real number such that max j a j < b ′ < b and set
It is easy to see that F is a k-positive R-line bundle and the coefficients of ∆ are in [0, 1] . By Theorem 4.1, we obtain H q (X, Ω p (log D) ⊗ L −1 ) = 0 for p + q > n + k.
On the other hand, we can set
It is easy to see that F is a k-positive R-line bundle and the coefficients of ∆ are in [0, 1] . By Theorem 4.1 again, we get
By Serre duality and the isomorphism (5.6), we have
for any p + q < n − k. 
